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The Combinatorial Nullstellensatz

Theorem (Alon)

K a field and P a polynomial K[ X1, ..., Xy].
If deg(P) = >_%_, k; and P has a non zero coefficient for [ [%_, X,-k",
then whatever A1, ..., Aq, subsets of K such that |A;| > k;, there
exists (a1, ...,aq) € A1 X --+ X Aq so that:

P(al,...,ad) 750
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Another formulation

Theorem

K a field and P a polynomial K[X1,...,Xq4]. Let A1, ..., Aq
subsets of K. Setting gi(X;) = [1,.ca.(Xi — ai). If P vanishes on
A1 X --- X Ag, there exist h; € K[X1, ..., Xy|, with

deg(h;) < deg(P) — deg(g;i) such that:

d
P=> hag.
=1
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Three Addition Theorems in [,

» Cauchy-Davenport

» Dias da Silva-Hamidoune (Erdés-Heilbronn)
> Set of Subsums
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Cauchy-Davenport

Theorem (Cauchy-Davenport - 1813,1935)

p a prime number, A and B two subsets of F,, then

A+ B| > min {p, |A| + |B| - 1}.
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L Cauchy-Davenport

Cauchy-Davenport

Theorem (Cauchy-Davenport - 1813, 1935)

p a prime number, A and B two subsets of F,, then:

|A+ Bl =2 min{p,1+ (JA|— 1)+ (|B| —1)}.
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Cauchy-Davenport

Theorem (Cauchy-Davenport - 1813,1935)

p a prime number, A and B two subsets of F,, then:

[A+ B| = min{p,1+ (A - 1)+ (|B[-1)}.

proof: If A+ B C C, with |C| = min{p — 1, |A| + |B| — 2}, the
polynomial

H(X+Y—c)

ceC

would vanish on A x B and the coefficient of XIAI=1yICI=IAI-1 {g

(jaly) #0.
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Dias da Silva-Hamidoune

Conjecture (Erdos-Heilbronn - 1964)
p a prime number, A C [y, then:

{a1+ a2 | ai € A, a1 # ax}| = min{p,2|A| — 3}
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Dias da Silva-Hamidoune

Conjecture (Erdos-Heilbronn - 1964)
p a prime number, A C [y, then:

Hai+ax|ai €A a1 # ax}| = min{p,2(|]A| — 2) + 1}
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L Dias da Silva-Hamidoune

Dias da Silva-Hamidoune

Conjecture (Erdos-Heilbronn - 1964)
p a prime number, A C [y, then:

{a1+az2]a €A a1 # a}| > min{p,2(|A| — 2) + 1}
Define:

WA={a1+--+aplai€A a #aj}
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Dias da Silva-Hamidoune

Conjecture (Erdos-Heilbronn - 1964)
p a prime number, A C [y, then:

{a1+az2]a €A a1 # a}| > min{p,2(|A| — 2) + 1}
Define:

WA={a1+ - +apla €A a#a}

Theorem (Dias da Silva, Hamidoune - 1994)
Let p be a prime number and A C Fp,. Let h € [1, |A|] , one has,

|[h*A| = min{p, 1+ h(|A| — h)}.
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L Dias da Silva-Hamidoune

Proof: Setting iy = max{0, h(|]A| — h) — p + 1},
(h(JA| — h) — p+1 < h). one considers the polynomial

(Xo+---+ Xh_l)h(\A|—h)—io

II x-x
0<i<j<h—1
it has degree h(|A| — h) — ip + 21,

J
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Proof: Setting iy = max{0, h(|]A| — h) — p + 1},
(h(JA] — h) — p+1 < h). one considers the polynomial

(Xo+---+ Xh_l)h(\A|—h)—io H X —x) |,
0<i<j<h—1

it has degree h(|A| — h) —io + h(hz_l), and the sets:

Ao ={a1,...,aa_n}

A1 ={a1,..., 3 -m AA—ht1}

Ai-r ={a1, - aa1-h > 3ahrig-1)

A = {81, o5 A|A|—h> -+ A A|—h+ig—15 9 A|—h+ip> 3|A|7h+i0+1}
An—a = {a1, ,aja-1}

Ap-r = {a1, ;A|A|-1, A S
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Set of Subsums

Let A be a subset of IF,,, define

T(A) =

ZXWCICA

xel
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L Set of Subsums

Set of Subsums

Let A be a subset of IF,,, define

THA)=4> x[PCICA

xel
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L Set of Subsums

Set of Subsums

Let A be a subset of IF,,, define

YHA) = {ZXM)C/cA}
x€l

Theorem (Olson - 1968)

Let ACF,. If A (

—A) =

@, then

() > min {

p+3 JAI(A[+1)

2 2 }
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L Set of Subsums

Theorem (B.)

p a odd prime number, A C Fp,, such that AN (—A) = 0. One has

Z(4)| > min{p,1+ (1Al +1)
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Theorem (B.)

p a odd prime number, A C Fp,, such that AN (—A) = 0. One has

S(A)] > min{p,l+W},
1> mindp, AL



Additive combinatorics in F, and the polynomial method
LAddition Theorems
LSet of Subsums

Theorem (B.)
p a odd prime number, A C Fp,, such that AN (—A) = (). One has

[X(A)] = min {p,l+W},
=(A) > min{p, W}_

Conjecture (Selfridge - 1976)
p a prime number, A a maximal zerosum free subset of Z./pZ ,

then: ka1
|A|:max{k| %<p}.
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L Set of Subsums

Theorem (B.)

p a odd prime number, A C Fp,, such that AN (—A) = 0. One has

S(A)] > min{p,l+W},
1> mindp, AL
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Theorem (B.)
p a odd prime number, A C Fp,, such that AN (—A) = 0. One has

IS(A)| = min {p,l—l— W} ,

ALY

@) = min{p, A0

Denote A = {2a1,...,2a4}.

T(A) = Y {023 = > a|+ > {-a.a}.

i€[l,d] i€[1,d] i€[1,d]

d terms



Additive combinatorics in F, and the polynomial method
|—Addition Theorems
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Let ip = max{0,
_ d(d+1) _
t =t

w — p+ 1}, one has
o = min{d(dH)

2 7p_1}

(Xo+ 4 Xa-1)*

I &~

0<i<j<d—1



Additive combinatorics in F, and the polynomial method
LAddition Theorems

L Set of Subsums

Let ip = max{0, p+ 1}, one has
t= @ — o= min{d(d;l),p -1}

d(d+1)
2

(X0_|_..._|_Xd_1)t

I o
Ao

2
J _Xi)
0<i<j<d—-1
:{al,...,ad}
Al = {317"'7ad7 —31}
Aio—l :{317--'7ada_31a' "_aio—l}
AiO = {31,...,ad,—81,. 7_ai0—1;_aio7_aio+1}
Ad—l :{al,...

,dd, —d1,

a_ad}'
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L Set of Subsums

Let ip = max{0, p+ 1}, one has
t= @ —ip= min{d(d;l),p -1}

d(d+1)
2

(X0_|_..._|_Xd_1)t

o
Ao

2
J _Xi)
0<i<j<d—-1
:{81,...,ad}
Al = {317"'7ad7 —31}
Aio—l :{317--'7ada_31a' "_aio—l}
AiO = {31,...,ad,—81,. 7_ai0—1;_aio7_aio+1}
Ad—l :{al,...

,dd, —d1,

a_ad}'
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L Set of Subsums

(Xo + -+ Xd_l)t

I

2
7= X7)
0<i<j<d—1
1 X2 X2t
d—1 2(d—1)
PRI 1 G .
o d—1 4 i : : :
(toseosta—1) [Ti=o ! i=0 ) 2(d—1
S =t 1 X2, X2
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L Set of Subsums

(X0+...+Xd_1)t

I

2
j - Xi )
0<i<j<d—-1

I d-1
Z 1.'.

HX-t’ Z sign(o
(fo, ita 1) H X i=0 I
i:O ' =t

H X20’( i)
eSSy
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L Set of Subsums

(Xo+ -+ Xa-1)*

11

0<i<j<d—1

(XP = X?)
1 a1

= t! Z sign(o) Z H X,-t’+ o(7)
o€Sy (to, td 1) H t’

I'_
i:O ' =t

N
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L Set of Subsums
(Xo+ -+ Xg-1)° I -x?
0<i<j<d—1
= t! Z sign(o) Z
oeSy

d—1

(boby ) Lli= (b —2
0<bi—20(i)<t

9 bi=t+d(d—1)
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(XO+"

C Xgo1)t I &-x?)
0<i<j<d—1
S 10 (20)!

Hd: T Z sign(o) H
(bo,..,bg—_1) i=0
S abi=t+d(d—1)

d—1
XP+S
| (20—( )) I
ceGy i=0 i=0
max{b;}<p




Additive combinatorics in F, and the polynomial method
|—Addition Theorems

L Set of Subsums

(Xo+ -+ Xg-1)*

2 y2
(X7 —X7)
0<i<j<d—1
Z t! H7;01(2")! ( bo, by, ..., bq_1
d—1
C [1i=g bi!
St b=t+d(d—1)
max{b;}<p

0,2,...,2(d — 1)

d-1
) H Xibi+5p
i=0
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(Xo+ -+ Xa-1)* I -x?

0<i<j<d—1
L@ [ b b..b
= Z i=0 ( 0, b1, dl) HXb-i-S
d—1
(b0, 1) Mo bt \ 02
S a bi=t+d(d—1)
max{b;}<p

It suffices to prove that the following binomial determinant is non
zero:

b, _(d-1L d ..., d-2+i, diio, .., 2d-1
dvio 0, 2, ..., 20p—1), 2ip, ..., 2(d—1)
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Binomial Determinants

dal,...,dd o
bi,....bg )
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L Binomial Determinants

Binomial Determinants

(o). |8 8 5
bi,..., by : : :

@ @)
Dn,h,i:( 0

n—h—-1n—h....n—h+i—-2,n—h+1i,...,n—1
Y 1 ) *

A (D I A
DW=(d_L d, ...

., (h=1) )
. d—2+1i, d+i,
0, 2, ..., 2(i-1),

c,o2d—1
2, .

o 2(d—1) )
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Dppi = (>7
i
This proves Dias da Silva-Hamidoune Theorem
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L Binomial Determinants

h
Dppi = (>,
]

This proves Dias da Silva-Hamidoune Theorem
Proposition

Let d > 1, one has:

Dyo = 27(d-1)/2

)

Dd g = 2(d—1)(d—2)/2.

N
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L Binomial Determinants

h
Dppi = (>,

i
This proves Dias da Silva-Hamidoune Theorem
Proposition

Let d > 1, one has:

Dyo = 24(d-1)/2,
Dd g = 2(d—1)(d—2)/2.
d—1 d—-1
d—1 d—1
P = 1 2 -D,_
Dy ;=2 d_2+iDd Li—1+ g1
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L Binomial Determinants

h
Dppi = (>,

i
This proves Dias da Silva-Hamidoune Theorem.
Proposition

Let d > 1, one has:

Dyo = 27(d-1)/2

)

Dd g = 2(d—1)(d—2)/2.

d—1 d—-1
Dy ;=291 Dy_1;1+2971 Dy_1;
d,i d_21 d—1,i—-1+ d_1+7 d—1,i
de,.: d(d2—1)

_(d\d+i
i) d
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q

Three Additive results on sequences in [,

» Erdos-Ginzburg-Ziv

> Snevily's conjecture (Arsovsky)
» Nullstellensatz for sequences
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The permanent Lemma

Theorem (Alon - 1999)

K a field, A an n X n matrix with non zero permanent, b € K". If
one considers some sets S;, i = 1..n, |S;| = 2. There exists

s=(s1,...,50) € S1 X - X S, such that As and b are
coordoninatewise distincts.
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The permanent Lemma

Theorem (Alon - 1999)

K a field, A an n X n matrix with non zero permanent, b € K". If
one considers some sets S;, i = 1..n, |S;| = 2. There exists
s=(s1,...,50) € S1 X - X S, such that As and b are
coordoninatewise distincts.

proof: The polynomial
n n
I1 ajjXj — bi
1

i=1 \ j=

has degree n and the coefficient of [[;_; X is Per(A) # 0.
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L Erdés-Ginzburg-Ziv
g

Erdés Ginzburg Ziv

Theorem (Erdés Ginzburg Ziv - 1961)

G abelian finite group, |G| = n. Whathever (g1, &,

- 82n-1)
elements of G. There exists a zerosum subsequence of length n
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L Erdés-Ginzburg-Ziv
g

Erdos Ginzburg Ziv

Theorem (Erdés Ginzburg Ziv - 1961)

G abelian finite group, |G| = n. Whathever (g1, 82, ...,8n-1)
elements of G. There exists a zerosum subsequence of length n.

In[0,p-1], &1 < & <+ < &Z2p-1-

u]

o)
I

i
it




Additive combinatorics in F, and the polynomial method
LAdditive results on sequences
q
L Erdés-Ginzburg-Ziv
g

Erdos Ginzburg Ziv

Theorem (Erdés Ginzburg Ziv - 1961)

G abelian finite group, |G| = n. Whathever (g1, 82, ...,8n-1)
elements of G. There exists a zerosum subsequence of length n.

In[0,p-1], &1 < & <+ < &Z2p-1-

> If gi = gi+p—1, one has p equal elements.
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Erdos Ginzburg Ziv

Theorem (Erdés Ginzburg Ziv - 1961)

G abelian finite group, |G| = n. Whathever (g1, 82, ...,8n-1)
elements of G. There exists a zerosum subsequence of length n.
In[0,p-1], 81 < & < -+ < &op-1.

> If gi = gi+p—1, one has p equal elements.

» Otherwise, one considers the (p — 1) x (p — 1) matrix with
only 1's, its permanent is (p — 1)! # 0. Define
Si=1{gi.&i+p-1}, for i € [1,p— 1], of cardinality 2, and b
containing all values but —go,_1.
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LAdditive results on sequences

LSnevily's conjecture

Snevily's Conjecture
G a finite group of odd order.
ai,...,ak, k distinct elements and by, ..., bk, k distincts elements.
then there exists a permutation 7 of [1, k] such that
a1 + br(1), - - -5 3k + by(k) are pairwise distincts.

u]

o)
I
i

it
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LSnevily's conjecture

Snevily's Conjecture
G a finite group of odd order.
ai,...,ak, k distinct elements and by, ..., bk, k distincts elements.
then there exists a permutation 7 of [1, k] such that
a1 + br(1), - - -5 3k + by(k) are pairwise distincts.
» G =Z/pZ (Alon - 2000)

u]

o)
I
i

it
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L Snevily's conjecture

Snevily’s Conjecture
G a finite group of odd order.

ai,...,ak, k distinct elements and by, ..., by, k distincts elements.
then there exists a permutation 7 of [1, k] such that
a1 + br(1), - - -5 3k + by(k) are pairwise distincts.

» G =Z/pZ (Alon - 2000)
» G = Z/nZ (Dasgupta, Karolyi, Serra, Szegedy - 2001),

in Fyo (with n| 29 — 1), g of order n in IF 4, the polynomial:

P(Xi, . X)) = T[ (X = X) (aiXi — a; X)) .

1<<i<k

has degree k(k — 1), where a; = g% and
A1:~-:Ak:{ga’ ‘ fZl..k}.
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L Snevily's conjecture

Snevily’s Conjecture
G a finite group of odd order.

ai,...,ak, k distinct elements and by, ..., by, k distincts elements.
then there exists a permutation 7 of [1, k] such that
a1 + br(1), - - -5 3k + by(k) are pairwise distincts.

» G =Z/pZ (Alon - 2000)
» G = Z/nZ (Dasgupta, Karolyi, Serra, Szegedy - 2001),

in Fyo (with n| 29 — 1), g of order n in IF 4, the polynomial:

P(Xt,....X) =[] Xi—X)(aiXi—a;X)).
1< <igk

has degree k(k — 1), where a; = g% and
A1:~-:Ak:{ga’ ‘ fZl..k}.

Coefficient of Hfle X/~ is the Van der Monde permanent of
the a;'s. In Fye, permanent and determinant are equal.
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[ Nullstellensatz for sequences

A question of Erdos

A= (a1,...,ar) a sequence of ;.
Sa: set of (0 — 1)-solutions of

aixy + -+ apxe = 0.

Sa=Atn{0,1}*
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L Nullstellensatz for sequences

A question of Erdos

A= (a1,...,ar) a sequence of ;.
Sa: set of (0 — 1)-solutions of

aixy1+---+axe=0

Sa=Atn{0,1}*
One considers:

dim(A) = dim((Sa)).
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[ Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A = (a1,
of Fy:

.,ay) a sequence of > p elements
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[ Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A = (a1,
of Fy:

.,ay) a sequence of > p elements

dim(A) =/ — 1.
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L Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A = (az,
of Fy:

.,ay) a sequence of > p elements

dim(A) =/ — 1.

Method: Sa C Sg, Iy = {i € [L,{] : bi/a; = A}.

N
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L Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A = (az,
of Fy:

.,ay) a sequence of > p elements

dim(A) =/ — 1.

T =5(S).

Method: Sp C Sg, Ih ={i € [1,¢] : bi/a; = \}.
A1, ..., Aq ratios associated to (A, B) and S; = (a; : j € I);) and
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L Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A= (a1, ...,a;) a sequence of { > p elements
of Fy:

dim(A) =/ — 1.

Method: Sp C Sg, Ih ={i € [1,¢] : bi/a; = \}.
A1, ..., Aq ratios associated to (A, B) and S; = (a; : j € I);) and
¥, = X(S;). The polynomial

d d p-1
P(X1,...,Xq) = (Z A,-X,-) (Z X,-) —1],
i=1 i=1

vanishes on Hszl > ;, coefficient of HX,.t" is Y At
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[ Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A = (a1, .
]FX .
b

,ap) a sequence of p elements of
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L Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A = (a1,
Fx:

p

» dim(A) =

,ap) a sequence of p elements of
=1,

N
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L Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A = (a1,
]FX .
o

,ap) a sequence of p elements of
» dim(A) =1,

(31,..

Sap)=(r,.
» dm(A)=p—2,3te[l,p—73]

cy ).

o 9. )y 9o = 7")7_7"'5_5_t+1 7_t+1 .

(ao(1)s -+ 30(p)) = (15 s =1 2 r,—(t+1)r, =(t+1)r)
t p—2—t
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L Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A = (a1,
]FX .
o

,ap) a sequence of p elements of
» dim(A) =1,

(at,...,ap) = (r,.

> dim(A)=p—2,3te[l,p—3]

cy ).

=(r,.. —ry...,—r,—(t+1)r,—(t+1)r).
(aa'(l)’ aao‘(p)) (ra Iy —="r, y — T, ( =+ )I’, ( + ) )
t p—2—t
» dim(A) =p—1.
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L Nullstellensatz for sequences

The polynomial

d d p—1
PXa, o Xa) = [ oA [ (DX
i=1 i=1

1,
vanishes on H7:1 Y ;, the coefficient of HXit" is ¢y At
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L Nullstellensatz for sequences

The polynomial

d d p—1
PXa, o Xa) = [ oA [ (DX
i=1 i=1

1,
vanishes on [, ¥;, the coefficient of [1X7is ¢> At
>

d

i=1

Y(Eil-1)=p
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L Nullstellensatz for sequences

The polynomial

d d p—1
P(X1,...,Xq) = (Z /\,-X,-> (Z X,-)
i=1 i=1

1,
vanishes on [, ¥;, the coefficient of [1X7is ¢> At
>

d

Y(Eil-1)=p

i=1
» If > (|Xi| — 1) = p, one has:

d A -1)=0
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LAdditive results on sequences
q

L Nullstellensatz for sequences

The polynomial

-1

d d p
P(Xl,...,xd)=<ZA,-X;> (fo) ~1].
i=1 i=1

vanishes on Hszl Y ;, the coefficient of HXit" is ¢y At

>
d

Y(Eil-1)=p

i=1
» If > (|Xi| — 1) = p, one has:

d A -1)=0

» And |X;| — 1 =1Sj|, ¥; arithmetic progression.
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[ Nullstellensatz for sequences

io,jo € [1,d] and Ty S S,'o

Zi’o = ):(5,0 AN (r,-o)), Z}o — Z(Sjo U (rio))

= Zjo + 10, rio}
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LAdditive results on sequences
q

L Nullstellensatz for sequences

io,jo € [1,d] and rj, € S},

Z;’o = z(“S’O N (riO))’ Z_;O = z(‘S_/() U (rlo)) - Zjo + {07 riO}

d d d
Qio,jO(le"'aXd): (ZA’X’> (Z)\iXI_X) (
i=1 i=1

p—1
>x) 1),
i=1
vanishes on ]_[7:1 Yiox = (Mo = Aig)rip-
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q

L Nullstellensatz for sequences

io,jo € [1,d] and rj, € S},

Z;'o = Z(S,O AN (r,-o)), Z}O — Z(Sjo U (rio))

=2j+ {0, rip

vanishes on ]_[7:1 Y x = (N,
1> [Tl 2

)‘/o)rl'o- |Z§0‘ = |zio’

d d d
Qio,jO(le"'aXd): (ZA’X’> (Z)\iXI_X) (
i=1 i=1

p—1
Z)@) -1/,
i=1

—1et
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q

L Nullstellensatz for sequences

lo,Jo € [17d] and iy € Sio

Z;’o = Z(S’O N (riO))’ z_;() = z(S_/() U (rlo)) - Z.IO + {0; riO}

d d d p-1
Qipjo(X1,..., Xq) = (Z >\iXi> (Z AiXi — X) (Z Xi) -1,
i—1 i—1

i=1

vanishes on [T, ¥/, x = (A\jy — Aig)rio- 1] = Zpl — Let
1201 = 1Zp) +2

For tj, = |Xi| — 2, tj, = |Xj,| + 1, one has t; < |X}| — 1, the
coefficient is



Additive combinatorics in F, and the polynomial method
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q

L Nullstellensatz for sequences

lo,Jo € [17d] and iy € Sio

Z;’o = Z(S’O N (riO))’ z_;() = z(S_/() U (rlo)) - Z.IO + {0; riO}

d d d p-1
Qipjo(X1,..., Xq) = (Z >\iXi> (Z AiXi — X) (Z Xi> -1,
i—1 i—1

i=1

vanishes on [T, ¥/, x = (A\jy — Aig)rio- 1] = Zpl — Let
25l = (Xl +2
For tj, = |Xi| — 2, tj, = |Xj,| + 1, one has t; < |X}| — 1, the

coefficient is ;

2(Njo = Aip)? = Y AT - 1)

i=1
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L Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A = (a1, ...,ap—1) a zerosum sequence of
p — 1 elements of FJ :

» dim(A) =1,

(35(1)s -+ 30(p-1)) = (s 0.y 1,2r).

N
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|—Additive results on sequences

L Nullstellensatz for sequences

Theorem (B.-Girard)
p a prime number, A = (a,.
p — 1 elements of IF;,< :
» dim(A) =1, (r,...,r,2r).
> dim(A) = p —4,

..,ap—1) a zerosum sequence of

(35(1)s -+ s Ao(p—1)) = (ry- ooy r,—r,2r,2r,2r).

p—>5

u]

o)
I

i
it




Additive combinatorics in F, and the polynomial method
LAdditive results on sequences

L Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A = (a1, ...,ap—1) a zerosum sequence of
p — 1 elements of FJ :

» dim(A) =1, (r,...,r,2r).
> dim(A)=p—4,(r,...,r,—r,2r,2r,2r).
——

p—>5
» dim(A)=p—3,3t€[0,p—6],

(35(1)s -+ s a0(p=1)) = (Fy oo osry =y, =1, 2r, —(t+3)r, —(t+3)r).
t p—4—t



Additive combinatorics in F, and the polynomial method
LAdditive results on sequences
q

L Nullstellensatz for sequences

Theorem (B.-Girard)
p a prime number, A = (a1, ...,ap—1) a zerosum sequence of
p — 1 elements of FJ :
» dim(A) =1, (r,...,r,2r).
> dim(A)=p—4,(r,...,r,—r,2r,2r,2r).
——
p—>5
» dim(A)=p—3,3t€[0,p—6],
(ry...,ry—r,..,—r,2r,—(t+3)r,—(t + 3)r).
—— ————
t p—4—t
» dim(A)=p—3,3te[l,p—4],

(3(1)s -+ s a0(p—1)) = (Fyoeosry =y, =1, —(t+1)r, —(t+2)r).
t p—3—t



Additive combinatorics in F, and the polynomial method
LAdditive results on sequences
q

L Nullstellensatz for sequences

Theorem (B.-Girard)
p a prime number, A = (a1, ...,ap—1) a zerosum sequence of
p — 1 elements of FJ :
» dim(A) =1, (r,...,r,2r).
> dim(A)=p—4, (r,...,r,—r,2r,2r,2r).
——
p—>5
» dim(A)=p—3,3t€[0,p—6],
(ry...,ry—r,..,—r,2r,—(t+3)r,—(t + 3)r).
——— ————
t p—4—t
» dim(A)=p—3,3te[l,p—4],
(ry..co,ry—ryc,—r,—(t+ 1)r,—(t 4+ 2)r).
—_——— ———
t p—3—t
» p=17,dim(A)=p—3 =4,

(aa(l)a SRR 30(6)) = (_17 1,-2,2,-3, 3)
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q

L Nullstellensatz for sequences

Theorem (B.-Girard)

p a prime number, A= (a1,...,ap—1) a zerosum sequence of
p — 1 elements of IF; :
» dim(A) =1, (r,...,r,2r).
> dim(A)=p—4,(r,...,r,—r,2r,2r,2r).
——
p—5
» dim(A)=p—3,3t<€[0,p—6],
(ry..coyry—ryoo,=r,2r,—(t+3)r,—(t + 3)r).
——— ———
t p—4—t
» dim(A)=p—3,3te[l,p—4],
(ry..o,ry—=ryc,—r,—(t+1)r,—(t+2)r).
—— ———
t p—3—t
» p=7,dim(A)=p—-3=4,(-1,1,-2,2,-3,3).
» dim(A) =p—2.
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